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Abstract 

In this paper, we consider the necessary and sufficient conditions for the tensor product of the 
fundamental representations for the restricted quantum loop algebras of type A at roots of unity to 
be irreducible. 

1 Introduction 

Let g be a finite-dimensional complex simple Lie algebra and let g be the loop algebra of g. Let q be an 
indeterminate and let U q (g) be the quantum algebra over C(q) associated with g and q, where C(q) is the 
rational function field. Let n be the rank of g and let / := {1, 2, • • • , n} be the index set. For a 6 C(q) x 
and an index £ £ /, there exists a finite-dimensional irreducible representation of U q (g) which is called a 
fundamental representation denoted by V q (ir*) (see §4.4). 

In 1997, Akasaka and Kashiwara gave the condition for V q (it** ) ® • • • ® V q (tt^ ) to be irreducible in the 

case that g is of type A n and C^ 1 ^ (see |AKj ). In 2002, Varagnolo and Vasserot showed that condition in 
the simply laced case (see jVV]) and Kashiwara gave that condition for arbitrary g (see [K]). Moreover, 
in 2002, Chari showed the sufficient condition for the tensor product of the finite-dimensional irreducible 
representations of U q (g) to be a highest-weight representation (see [C]). 

In particular, if g = A„ \ we explicitly obtain the necessary and sufficient conditions for V q (w*^) ® 

• • • <8> V q (n* r ) to be irreducible. Indeed, we have the following theorem (see |AK) and Theorem l5.8l of this 
paper). 

Theorem. Let m E N, £i, • • • , £ m € /, and ai, • • • , a m G < C(q) x . The following conditions (a) and (b) 
are equivalent. 

(a) V q (ir^) ® • • • ® V q (ir* m ) is an irreducible representation of U q (An^)- 

(b) For any 1 < k =/= k < m and 1 < t < min(£fc, £ fe / , n + 1 — £fc, n + 1 — £ fe < ), 

a fc' U ±(2t+|a-^/|)_ 

afe 

We want to extend this theorem for the restricted quantm algebras of type A^ at roots of unity. 

Let I be an odd integer greater than 3, let £ be a primitive Z-th root of unity, and let U^ cs (g) be the 
restricted quantum algebra over C associated with g and e (see |L89] . [CP97] . and §6.1). For a nonzero 
complex number a and an index £ E I, there exists a finite-dimensional irreducible representation of 
U^. cs (g) which is called a fundamental representation denoted by V* es (w*) (see §6.5). 

In 1997, Chari and Pressley showed that for any finite-dimensional irreducible L^ cs (g)-representation 
V , there exist some nonzero complex numbers ai, • • • , a r and indexes £i, • • • , £ r E I such that V is 
isomorphic to a subquotient of V* es (ir^) ® • • • ® V^ cs (TT* r ). However, the conditions for the irreducibility 
have not been given yet. 

So we consider the conditions in the case that g is of type An \ The main theorem is as follows (see 
Theorem EHZ1): 



* e-mail: abeyuuki@ms.u-tokyo.ac.jp 



Theorem. Let m S N, £1, • • • , £ m € I, and ai, • • ■ , a m £ C x . The following conditions (a) and (b) are 
equivalent. 

(a) V r / cs (7r| i 1 ) ® ■ ■ ■ (g> V™ s (tT£™) is an irreducible representation of U* cs (A n V ' ') • 

(b) For any 1 < k ^ k < m and 1 < t < niin(^, n + 1 — n + 1 — 

a fc' u £ ±(2t+|a-f h 'l)_ 

The organization of this paper is as follows. In §2, we fix some notations. In §3, we review the 
generic quantum algebras of type A n and A$ . In §4, we introduce the fundamental representations of 
the generic quantum algebras of type A n and An . In §5 (resp. §6, §7), we prove the main theorem for 
the generic quantum algebras of type A^ (resp. the restricted quantum algebras of type A„ at roots 
of unity, the small quantum algebras of type A^). 



2 Notations 

We fix the following notations (see [Kacj . |BK| ). Let s[ n +i be the finite-dimensional simple Lie algebra 
over C of type A n . We define / :— {1,2, • • • ,n}. Let ((k,j)i,jei be the Cartan matrix of sl„+i, that is, 
= 2, dij = —1 if \i — j\ = 1, and dij = otherwise. Let {ai}i S j (resp. {a^}i e j) be the set of the 
simple roots (resp. simple coroots) of sl„+i and let A (resp. A + ) be the root system (resp. the set of 
positive roots) of s[„+i. Let f) = © ieJ Ca^ be the Cartan subalgebra of sl„ + i and let ()* = ie/ Ca<, 
be the C-dual space of f). We have a C-bilinear map (, ) : fj* x f) — > C such that (ctj, a/) = a-i.j for any 
i,j G I. Let Q := © ie/ Z«j (resp. Q+ := ^ ieI Z + ai) be the root lattice (resp. positive root lattice) of 
sl n+ i, where Z + := {0, 1, 2, • • • }. Let {Aj} ig j be the fundamental weights of sl„ + i, that is, 



A, 



1 



n + 1 



{(n-i + l)J2 ka k + i (n-k + l)a k ] £ t)* 

k=l k=i+l 



(see [H], §13). We have (A j; ,aJ) = 8 i;j for any i,j £ /. Let P := ZA, (resp. P+ := 0. £/ Z + A l ) be 

the weight lattice (resp. positive weight lattice) of s\. n +i- Define a partial order < in P whereby 

v < v if and only if v — v G Q + for v 6 P. (2-1) 

Let sl„+i = s[„+i ® C[t, be the loop algebra of sl n +i. We define I := I U {0} and 

a ,o := 2, a 4i0 := Oo,j := 0, o n ,o := Oo,„ := -1 for 1 < i,j < n. 

Then (ciij) i Jg j is the generalized Cartan matrix of s[ n +i- Let {a{\ ie j be the set of the simple roots of 
sln+l. We define f)* := Ca © f)*- We have a symmetric C-bilinear form (, ) : fj* x f|* — > C such that 
(oti,otj) — Ojj for any i,j G /. Let Sj be the simple reflection on f)*, that is, Si(\) = A — (A,«i)ai for 
A G t)*. The affine Weyl group W of st„+i (resp. Weyl group W of s[„+i) is generated by {s.;}- g j (resp. 
{si}ie/). 

Let g be an indeterminate. For r G Z and m G N := {1, 2, • • • }, we define g-integers and Gaussian 
binomial coefficients in the rational function field C(g) whereby 



q - q 



[m] g \ := [m]q[m- 1] 5 



Similarly, for c G C (c 7^ 0, ±1), we define 



c — c 

He := zr> [ m U : = M c [m - l]c 



We 



r 



r 
m 



MJr-i], 



[1W2]„- 



[l]c[2]c---[m] c 



We define [0],! := [0] c ! := 1. 
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3 Quantum algebras : the generic case 
3.1 Definitions and properties 

Definition 3.1. Let U q := U q {s\. n+ \) (resp. U q := U q {al n+ i)) be the associative C(g)-algebra generated 
by {E il F i ,Kf~ 1 \ i 6 I (resp. i G /)} with the following defining relations. We call U q (resp. U q ) the 
quantum algebra of type An (resp. A n ) or quantum loop algebra of type A n : 

K.Kr 1 = K^Ki = 1, KiKj = K,K tl K = ]] K~\ 



A, A, A, : = q a E j , A',/-, A, ; = 7 " ^ , 

X,; — AT -1 

EiFj — FjEi = Si. 



q-q- 1 



p=0 p=Q 



for i,j € I (resp. i,j G I), where 



^ -=^r, ^ m eN. (3.1) 

Let ?7+ (resp. U q , U q ) be the C(g)-subalgebraof U q generated by {Ei} ie j (resp. {Fi} ie i, {Kf 1 }^). 
Then U q has the triangular decomposition, that is, the multiplication defines an isomorphism of C(q)- 
vector spaces: 

U~ ® U° q ® U+^U q , (3.2) 

(see |L90a) ) . It is well known that C/ 9 (resp. £/ g ) has a Hopf algebra structure. The comultiplication Ah, 
counit ch, and antipode Sh of C/ 9 (resp. U q ) are given by 

A H (^)=^®l + K- < ®B i , A H {F i ) = F i ®Ki 1 + 1®F U A H (K i )=K i ®K i , (3.3) 
eh(^) = e H {F t ) = 0, e H (Jfi) = 1, (3.4) 
S H {E i ) = -KT 1 E u S H (Fi) = -FiKi, S H (K l )=Kr\ (3.5) 

where i G 7 (resp. 7) (see (J^, §3-§4 and [CP95] Jj2). 

Let Ti be the C(q)-algebra automorphism of U q (resp. U q ) introduced by Lusztig in L93J, §37: 



Ti (Ef 1 ' ) 


= (-l) m q- m - 




—rrwxi j 


T t (E^ m) ) 


= E 






T . {F (™)) 


-ma ( j 

= E (-i> 








K K~ ai j 



P-mai.j ? p pip) p(m) jp{-m<n,j-p) ^ _^ 



where i, j G I (resp. i,j G I) and m G N. For «; G W, let io = • • • Sj m (ii, • • • ,« m G I, m G N) be a 
reduced expression of w. Then T w := T ix ■ ■ ■ T im is a well-defined automorphism of U q , that is, T w does 
not depend on the choice of the reduced expression of w. 

It is known that U q has another realization which is called the Drinfel'd realization. 
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Definition 3.2 ([D]). Let V q be an associative (C(g)-algebra generated by {Xf 1 , Hi <s , Kf 1 \ i G I, r, s G 
Z, s 7^ 0} with the defining relations 

KiKr 1 = Kr x Ki = 1, [Jfi,^] = [K h H jit ] = 7/,,.//,/ = 0, 

^>+1^7,r' ~ l^'' 3 X fy X tr+l = 1 ±a " 3 X tr X fy + i ~ X jy + i X i,ri 

[y+ y- ix , ',' , +'' »<r+r 

l A i,n A J - " _ „_i 



m 

P 



q-q 

X tr« m ■ ■ ■ X tr Mp) X fy X i!r„(p +1 ) ' ' ' X tr Mm) = °> (* ^ 

9 



for n, • • • , r m G Z, where m := 1 — dj j, 5 m is the symmetric group on m letters, and ^f r are determined 
by 

oo oo 

£9^u*:=K± 1 wq>{±(q-g- 1 ) y £H i ,± a u ±a ) in V q [[u]], 



r=0 



and ^f ±r := if r < 0. 



Theorem 3.3 ([B]). I? 9 is isomorphic to U q as a 

The isomorphism from T> q to U q is given in [B] . Here we introduce an isomorphism from f/ 9 to 2? 9 
introduced in [CP94a , §2.5 (see also [AN , II-C). There exists a C(g)-algebra isomorphism T : U q — ► T> q 
such that 

T(Ei)=X+, T(F l ) = Xr , T{K i )=K i , 

t(e ) = (-ir +i q n+i [x- Q , ■ ■ ■ [x- +lfi , [xr j0 , ■ ■ • [^to-1,0' X m,i\q~ i ■ ]^U K r^ 

iei 

T ( F o) = {-~t) m+n [Xn,Q, ■ ■ ■ [ X m+1,0> [ X tfiy ' ' ' [ X m-1,0> X m,-^\q- x ' ' ' \q~ 1 W_ Kl ' 

iei 

for m,i G /, where [u, v] q ±i := uv — q vu for u,v G C/ 9 (T is independent of the choice of m). We 
identify U q with V q by this isomorphism. 

Now, for i E I and r G Z, we define 7\ r G f/ g whereby 



]T P il±ro u m := exp(- J2 rr-H^u 3 ), V lfi := 1, in [f, [[«]]. 
m=i s =i L S J« 



(3.6) 



Let {/^ (resp. Uq) be the C((7)-subalgebra of U q generated by {Xf r \ i E I,r £ Z} (resp. {Kf x ,Vi jT \ i G 

I,r G Z}). Then f/ 9 also has the triangular decomposition, that is, the multiplication defines an isomor- 
phism of C(<?)-vector spaces: 

U~ ® C/ g ° ® U+^U g , (3.7) 
(see jCFOI] . §4, |BCP] , and 0). We define 

*±:= £ C(9)X±, X±(i):= £ C(q)X± r , 
iG/,rGZ ie(/\{i}),rez 

where X±(i) := if 1= {i}. 
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Proposition 3.4 ([C], Proposition 2.2). Let i G I, r G Z, and seZ x . 
(aj ModuZo U q X- ® C/ 9 (X+) 2 + f/gX_ ® £7 g X + (i), 

r 

A ff (X+)=X+ 8 1 + ^®*+ +J>& i/ r>0, 

p=i 

r-l 

A H (X^ r ) = X- 1 ®X+_ r + ^+- r ®l + E^- P ® X ^+P # r>0 - 
(b) Modulo U q (X-) 2 $ U q X+ + U q X- ® E^Xf (i), 

r-l 

A H (Xr r )=xr r ®K l + l®Xr r +^jr_ p ®$+ r > 0, 

P =i 

r 

A ff (Xr_ r ) = x+_ r ® Xri + 1 ® xr_ r + £ jr_ r+p ® *-_ p r > . 

P =i 

fcj Modulo U q X- ® C/ g X + , 

&h{H 1iS ) = H itS <g> 1 + 1 O 

3.2 Representation theory of C/ g and 

Definition 3.5. Let V be a representation of I7 g (resp. J7 g ). 

(i) Let v G V. If X^~ r v — for all i G /, r G Z (rcsp. E^u = for all i G J), we call i> a pseudo-primitive 
vector (resp. primitive vector) in V. 

(ii) For any // G P, we define 

y M := G V | iTjU = for all i G I}. 

If ^ 0, we call V^ a weight space of V. For w G V^, we call v a weight vector with weight /i and define 
wt(w) := /i. 

(iii) For any C-algebra homomorphism A : U q — ► C(o), we define 

Va := {v G V | uv = A(u)u for all u G £7°}. 

If Va ^ 0, we call Va a pseudo-weight space of V. For w G Va, we call v a pseudo-weight vector with 
pseudo-weight A and define pwt(u) := A. 

(iv) Let A : U q — ► C be a C-algebra homomorphism and A be an element in P + . If there exists a 
nonzero pseudo-primitive vector v\ G V\ (resp. primitive vector v\ G Va) such that V = U q v\ (resp. 
V = UgV\), we call V a pseudo-highest weight representation of U q (resp. highest-weight representation 
of U q ) with the pseudo-highest weight A (resp. highest weight A) generated by a pseudo-highest weight 
vector va (resp. highest-weight vector «a). 

Let V be a representation of £/g (resp. U q ). We call V of type 1 if 

neP 

In general, finite-dimensional representations of U q (resp. U q ) are classified into 2™ types according to 
{a : Q — ► {±1}; group homomorphism}. It is known that for any a : Q — ► {±1}, the category of 
finite-dimensional representations of U q (resp. U q ) of type a is essentially equivalent to the category of 
the finite-dimensional representations of U q (resp. U q ) of type 1 (see |CP94b| . §10— §11). 
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For any [/^-representation (resp. [/^-representation) V, we have 

X±V„cV„ ±ai , (resp. C V„ +ai , ^C^J, (3.8) 

where i € J, r € Z, and /i 6 P. 

The following theorem is well known (see | Jaj ) . 

Theorem 3.6. For any A G P+, f/iere exists a unique (up to isomorphism) finite-dimensional irreducible 
highest-weight U q -representation V q (X) with the highest weight A of type 1. Conversely, for any finite- 
dimensional irreducible Uq-representation V of type 1, there exists a unique A G P+ such that V is 
isomorphic to V q (X) as a representation ofU q . 

We define a set of polynomials C((?)o[t] whereby 

r 

C(g)o[t] := {tt(£) G C(<7)[i] | there exist some a\, ■ ■ ■ , a r G C(q) such that 7r(i) = ]^[(1 — a s t)}- 

For any tt — (tt^ G (C(q)o[t]) n , there exists a unique C(g)-algebra homomorphism A T : U® — > C(q) 
such that 

oo 

KAKf 1 ) = q ±dc ^\ J2 ^(V h±m )t m = wf(t), 

m— 1 

where 

1 W W ' 1 W (^S^^Tri^- 1 ))!*^ 

From |CP97j . §3, for i 6 I, we have 

A.(*+> m = g des(OTi( " ))! ^-^ = E A.(*-_„>- m G C/JM], (3.10) 

m— m— U 

in the sense that left- and right-hand terms are the Laurent expansions of the middle term about and 
oo, respectively (see also |CP95j . Theorem 3.3 and |CP94bj . 12. 2B). 

For any pseudo- highest weight representation of U q with the pseudo- highest weight A^, we simply call 
it a pseudo- highest representation of U q with the pseudo- highest weight tt. 

Theorem 3.7 ([CP97], §2 and [C], §2). For any tt G (<C(q)o[t]) n , there exists a unique (up to iso- 
morphism) finite- dimensional irreducible pseudo-highest weight U q -representation V q (ir) with the pseudo- 
highest weight tt of type 1 . 

From ([321), j3J]), and (JSH), for A G P+ and tt = (7r;(*)) i€ i G (C(q) [t\) n , we have 
dimc(,)(V 9 (A)A) = l, V r 4 (A)=0V g (A)„ J dim C ( g) (^(7r) A(7r) ) = l, V q (ir) = V q (ir) v , (3.11) 

where < is the partial order defined in (|2.1j) and 

A(tt) := MO A i ■= Yl deg(7r i (t))A i G P+. (3.12) 

It is known that for any w £ W and /i G P, 

dim c(g) (V g (A)^) = dim c(9) (V r 9 (A) M ). (3.13) 

Proposition 3.8 ([CP95J, Proposition 3.4). Let V (resp. V ) be a pseudo-highest weight representations 
of U q with the pseudo-highest weight tt (resp. tt ) generated by a pseudo-highest weight vector u T (resp. 
v ,). Then v n ® v , is a pseudo-primitive vector with pwt(u 7r Cg) v ,) = A nv > . 

Corollary 3.9 QCP95] . Corollary 3.5 and lCP94bj Theorem 12.2.6). Let tt, tt' G {C{q) Q [t]) n and let 
v n (resp. v ,) be a pseudo-highest weight vector in V q {Ti) (resp. V q (jr )). V q (Tnr ) is isomorphic to a 
quotient of the subrepresentation of V q (Tr) ®V q {Ti ) generated by v n ® v i . In particular, if V q (rr) ®V q {iT ) 
is irreducible, V q (ir) ® V q (n ) is isomorphic to V q (Tnr ). 
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3.3 The dual and involution representations of U q 

For any [/^-representation V, let V* — {g : V — ► C(g); C(g)-linear map} be the dual [/^-representation 
of V. The action of U q on V* is denned by 

(u.g)(v) := g(Sfi(u)-v), for u G U q , g G V* , and v G V, 

where Sh is as in (|3.5[) . 

There exists a C(q)-algebra involution 17 : U q — ► C/ ? such that 

n{x±) = -xf_ r , <»;//,... //, ,. = n(JCj tl ) = ^ 1 , (s.w) 

for i G /, r G Z, and s G Z x (see |CP96j . Proposition 1.4(b)). For any [/^-representation V, let V n be 
the pull-back of V through f2. For any finite-dimensional [/^-representations V and W, we obtain 

(V © W)* = W* ®V*, (V ®W) n ®V n as representations of U q . (3.15) 

Proposition 3.10. Let V be a finite-dimensional representation ofU q . IfV* and V are pseudo-highest 
weight representations ofU q , V is irreducible as a representation ofU q . 

Proof. Let Vh be a pseudo- highest weight vector in V n and let A be the weight of Vh ■ Since V n is a 
pseudo- highest weight representation, from Q3.7p . we have 

V n = U q v H = Cv H © (0 V^). 

tj.<\ 

Hence, from the definition of V Q , we have 

V = Cv H © ( V M ). 

ju>-A 

Let W be a proper [7 g -subrepresentation of V. We shall prove W = 0. Since V is generated by v# as a 
representation of U q , vh is not included in W. Hence we have 

W G ( V^). (3.16) 

Now we define 

W :={geV*\g\ w = Q}, 
and let be an element in V* defined by 

g H (v H ) := 1, g( V M ) := 0. 

Then, from ()3 . 16[) . <7# is included in W. Moreover the weight of gn is maximam in [/^-representation 
V*. Then, since V* is a pseudo-highest weight [/^-representation, gu is a pseudo-highest weight vector 
in V* . Thus we have 

V* = U q g H G 

Therefore W = 0. □ 

Proposition 3.11 ( |CP96j . Proposition 5.1 and [CJ, (2.20), (2.21)). Let ir = (iri(t)) ie j G (C(q) [t]) n . 

(a) There exists an integer c G Z depending only on sl n +i such that 

v q (*y ^v q (ir n ( q c t),--- ,Mq c t))- 

(b) There exists a nonzero complex number k G C x depending only on sl n +i such that 

V q (7r) n - V q (Tr-(q 2 Kt), ■■■ , n^(q 2 Kt)), 

where n~ (t) is as in (|3.9[) . 
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3.4 The extremal vectors in U q 

In this subsection, we introduce the extremal vectors in V q (ir) (see [C], §4 and |AKj ). For w G W, let 
w = s^s^ ■ ■ ■ s ik be a reduced expression of w. For A = J^iei ^i-^-i G P+i we define 

m i j '■— i s ij + l s ij+2 s ife^i a ij }) 

where m„ A := A,. . Then we have > for all 1 < j < k. 

Definition 3.12. For 7r = {ni{t))iei G (C(g)o[t]) n , let v n be a pseudo-highest weight vector in V q (Tr) and 
let A(ir) be as in (|3.12|) . For w G IF, let w — s^s^ ■ ■ ■ Si k be a reduced expression of w. For 1 < j < k, 
we define 

v ir{ s ij s ij + l ' ' ' s ik) '■— -^ij ij + l ' ' ik VlTl 

which is called a extremal vector in V q (n). 
We have 

x ^r v ?<( s * 3 +i s h + 2 ••'**) = 0, (3.17) 
for any 1 < j < k and r G Z. For i, j £ / such that i < j, we define 

:= (siSj+i • ■ ■ s J )(siS2 • • ■ Sj_i)(sis 2 ■ ■ • Sj_ 2 ) ■ ■ ■ (sis 2 )si. (3.18) 
Then uii >n is the longest element in W. For any A = J^iei P+i we nave 



(wjj-A, oq^) = Aj_i +2 + A 3 _ i+3 H h A j; if i ^ 1, (3.19) 

(wijA, a/ +1 ) = Ai + A 2 + • ■ • + A J+1 . (3.20) 



Hence we obtain 



= ^r <+2(7r)+ - +A3( ' r)) « OT K J -), if Ml, (3-21) 
v„(s j+1 u; hj ) = F$\ W+ "' +Xi+1 <* )) v«(u 1 j). (3.22) 

Proposition 3.13 ([C], Proposition 4.1 and Proposition 6.3 (i)). For tt G (C(q)o[t]) n , Zei 6e a pseudo- 
highest vector in V q (jT). For i,j G / suc/i f/ia£ i < j, we /lave 

ffc-i.it^Wij) = J2 Q^'^MHk^v^id) (* ^ 1), 

fc=j'-£+2 
3+1 

-ffj+ia^C^ij) = ^ g 3+1 ~ fc A 7r (gfc4)^ 7r (^i J ). 
fe=i 

4 The fundamental representations: the generic case 
4.1 The fundamental representations of U q 

For A G P+, we call A minimal weight if /i G P+ , (J, < X implies that /i = A. Moreover, we call a nonzero 
minimal weight a minuscule weight (see |Jaj . §5A.l). 

Proposition 4.1 ([H], §13, Exercises 13). Let A G P+. 

(a) X is minimal weight if and only if (A,a v ) G {0,±1} for all a G A. 

(b) For £ G /, is a minuscule weight. Conversely, if X is a minuscule weight, there exists an index 
£ G / swc/i that A = A^. 
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For £ G 7, we call V^A^) a fundamental representation of t/ q . We can construct these representations 
as follows. Let W q (A^) be a #(WA^)-dimensional C(<7)-vector space and let {z^ \ \i G WAJ be a C(g)- 
basis of M^ g (A^). 

Proposition 4.2 f [Jaj , §5A.l). (a) We can define a U q -representation structure on W q (A^) by the 
following formula: 

K± 1 z lt = q ± fo a *h ll , (4.1) 

E lZ ^l Zt * +a " ^' a i V > = - 1 ' (4.2) 
10, otherwise, 

FiZ ^ = h— (M'«, y } = 1 ' (4. 3) 
I (J, otherwise, 

for any i G 7 and fi G WA^ . 

f&J W^A^r) is isomorphic to V q (A^) as a representation ofU q . 

We identify W q (A^) with Vij(A^). Obviously, za ? is a highest-weight vector in W q (A^). From (|3 . 1 1[) 
and (|3.13p , for any \i G WA^, we have 

dim c(g) (^(A c ) Al ) = l. (4.4) 

4.2 Another realization of the fundamental representations of U q 

We define 7 := I U {n + 1} = {1, 2, ■ • • , n + 1}. For £ G 7, we define 

^ : = U = • • • , J?} c 7 1 ji < j 2 < • • • < if}- 

Let I/q(A^) be a #(j7^)-dimensional C(q)-vector space. We regard as a <C(q)-basis of L 9 (Aj). 

Proposition 4.3 ([DO], §2.2 and |AK] , B.l). (a,) 7*br £ 6 I, we can define a U q -representation structure 
on L q (A^) by the following formula: For i G 7 and J 6 J^, 

Ejj = j( J \{* + i})u W, i/i + ie J andi^ J, 
1 0, otherwise, 

F . J= f (AW) u {* + !}. if i & J and i + 1 £ J, 

|0, otherwise, 
K t J = q S(i€J)-S{i+ieJ) J} ( 47) 

where, for a statement 9, 

5(8):={ h V d * strue > (4.8) 
I 0, if 8 is false. 

(b) L q (A^) is isomorphic to V q (A^) as a representation ofU q . 
For £ G 7, we define 

4:= {1,2,- ..,£}• (4.9) 
Obviously, j|f is a highest- weight vector in L q (A^). 
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4.3 The evaluation representations of U q 

In this subsection, we introduce the evaluation representations of U q to consider the fundamental repre- 
sentations of U q in the next subsection. 

Definition 4.4. The extended quantum algebra U q :— U q (sl n +i) is an associative C((j)-algebra generated 
by {Ei, Fi, K i G /, \i G P} with the defining relations 

K K' — K K — 1 K F K — n^' a i^E- K F K — n~^' a *^ p. 

EiFj — I ', I ., = 8i % 



3 q-q- 1 ' 

^{-VfE^E.Et^ = ~f^{-lYF^F j Ft ai ' i - r) =0 i * j, 

r=0 r=0 

for i, j G /, /i, v G P. 

Remark 4.5. Let V be a representation of U q . For i E I and /i = J^kei l^k^-k G P, wc define 



^ / n 

— {(n-i + l)^2kfi k +i ^2 {n- k+l)nk}, 



n . 

k=l k=i+l 

(see (|2.ip ). We can regard V as a representation of ?7 by using the following formula: for v G V^, 

K A .v :— q Ci -"v. 

Now, for X G {E, F}, we define 
-^e" := [Xn; [X n -i, ■ ■ ■ , [X2,Xi] q -i ■ ■ ■ ] q -i , X e := \X\, [X 2 , • • • , [X n -i,X n ] q -i ■ ■ ■ ] q -i , 
where [u, v] q ±i = uv — q^vu for any u, v G U q . 

Proposition 4.6 (pi], §2 and [CP94a], Proposition 3.4). For any a G C(q) x , there exist C(q)- algebra 
4, ev~ :U q — > U' q 

ewt(Ei) = Ei, ev±(F i ) = F i! ev±(^) = K' a . for i&I, 



homomorphisms ev+ , ev a : U q — ► U„ such that 



evi(E ) = *K' ±(Al _ An) F±, evJ(Fo) = {-q^aT 1 ^^^. 
From Remark 14.51 and Proposition ^. 6[ we can regard any representation of U q as a representation of 



U q . 

Definition 4.7. For A G P+ and a G C(q) x , we set 

a+ := aq- Cl ^ +c "^ +n , a^ := (_i)™+i a g c ^- c ".*+ 2 ™+ 1 . 

We regard V^A) as a representation of U q by using ev^ and denote them by VJX)^ which are called 
evaluation representations of V^(A). 

For i G /, A G P+, and a G C{q) x , we define 7iy A = {irlf{t)) je i G {C{q) [t]) n whereby 

where ElLiC 1 ~ a 9 A - 2fc+1 t) := 1 if A = 0. For tt = (7r 4 (t)) i67) tt' = (^(t)) i6J G {C(q) [t]) n , we define 
7T7T := (■ni(t)it i (t))i£i . For i G I and A = ^ ig/ A^A^ G P+, we define 

i— 1 n 

A[i] :=-^A fc + £ A fc -i. (4.11) 

fe=l fe=i+l 

The following theorem was proved by Chari and Pressley in [CP94aj (see also [ANj , IV) . 
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Theorem 4.8 f [CP94aj ). For A = J2iei ^ i7 ^ e P+ anc ^ a e ( C(g) x ; as representations ofU q , 



ag ±AW ,A l 

In particular, we have 



H iA v x = a q ±x ®- 1 [\ i ] q v X) (4.12) 
where v\ is a highest-weight vector in V q (X). 

4.4 The fundamental representations of U q 

For £ G / and a 6 C(<7) x , we set := tt^' 1 - Hence 7r* = (nf „(i))j£j is an element in (C((7)o[i]) n such 
that 

„ , * [ 1 — at, if 7" = £ , , 
nfJt) = < J ^ 4.13) 

We call V q (ir^) a fundamental representation of /7 9 . 



For A G P+ and a e C(q) x , let V q (X)t be as in Definition 14.71 For £ G /, we set 



From Theorem 14.81 we have 



V q (A c ) a :=V q (A £ )+ q( . (4.14) 



y g (A c ) a = V q (A c )+ qi S V^(A^)- _ 4 S V^Trf) as representations of 17,. (4.15) 

So we can regard V^(A^) a as the fundamental representation of U q . From Proposition 13.111 we obtain 
the following proposition. 

Proposition 4.9. Let £ G I and a G C(q) x . 

(a) There exists an integer c G Z depending only on sln+i suc/i i/iai Vlj(A^)* is isomorphic to 
V q (A n _£ + i) q c a as a representation ofU q . 

(b) There exists a nonzero complex number k G C x depending only on st Tl +i suc/i i/iai V^(A^) a is 
isomorphic to V q (A n ^^ + i) q 2 KSL -i as a representation of U q . In particular, z Ul n \ ( is a pseudo-highest 
weight vector in V q {A^f a . 

From (14.12p . for i £ I, we have 

Hisz A( = A n *(H itl )zA ( = aq^ 1 S l ^z A( in V q (A s ) a . (4.16) 

Proposition 4.10. Let £ £ I and a G C(g) x . For i,j £ I such that i < j , let U0i,j be as in \3.18\) and let 

ZA ( {<^i,j) be the extremal vector in V r g (A^) a . 

(a) We have ZA ( (u it j) = z Ui>j A ( - 

(b) We have 

Hi-x t iZ A( (uj id ) = aq^-'-^Sij -i + 2<£< j)z A( (uj itj ), if i ^ 1, 
H j+lil z A( (oj ld ) = aq^^S^ < j + l)z\ ( (o<Jx,j). 

Proof, (b) follows from Proposition 13.131 and (|4.16[) . So we shall prove (a). We obtain 

ZA 4 (<^l,l) = ^ 5-1 2A 5 = 5 SA Z Ai - ai + (1 - S (A )z Ai = 8^!Z S1 A ( + (1 - 5t,l)z sl A ( = Zwi,iA 4 - 

Now we assume z Ai (tUij) = z Ui jAi . From (|3.21|) . if i ^ 1, we obtain 

\ _ p<5(j-i+2<f <i) „ /, . X _ p<5(j-i+2<e<i) „ 
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Thus, from JS7T5|> and (|3~3"|) . we have 

ZA e (wi_ij) = <5(j - i + 2 < £ < j)z UJi jA ^ oti _ 1 + (1 - 5 (J - i + 2 < £ < j))z Wi>j A 5 

Similarly, if i = 1, by using (|3.20p and (|3.22[) . we obtain zaAwij) = z u>1 □ 

Let L q (A^) and be as in §4.2. From Proposition 14. 3i Proposition 14.61 and Definition 14. 7i we have 
E J% = a ( f+ 1 (-l)«- 1 {2,3,--- ,£, n +l} in L g (A e ) a (S V g (A e ) a ). (4.17) 
Moreover, for J 6 J7"^, we have 

J B J = a (Z "- 1 (-l)^(J\{l})U{n + l}), 
F J = a-^^+H-^^CA^ + 1}) U {1}), 

(see [DO] and [AK] V 

Proposition 4.11. For i,j G I such that i < j, let J%(oJi,j) be the extremal vector in L q (A^) a . We have 

(Jh, ifj<€, 
JbM = Ui + 2 - £,i + 3 - £, • • • , j + 1}, if £ < j and i < j + 1 - £, 

lO' + l-fr - ,*-!,* + !>••• + ift<jandj + l-£<i. 



Proof. This proposition follows from Proposition 14.31 and the definition of the extremal vectors in 
§3.4. □ 

From Lemma 4.2 in [CJ . we obtain the following lemma. 

Lemma 4.12. Let £ G /, a e C(q) x , audits (C(q)o[t]) n . Let V be a pseudo-highest weight representation 
of U q with the pseudo-highest weight 7r generated by a pseudo-highest weight vector v n . If z Ul n \ s ® v n 6 

U q (zA f <8> w-n-), iftera V r g (A^) a <g> V is a pseudo-highest weight representation of U q with the pseudo-highest 
weight tt^it generated by a pseudo-highest weight vector z\ ( (8 v^ . 

Proof. From Lemma |3~81 it is enough to prove that 

V q (At)* <8> V = Ug(z A( <g) V„). 

Moreover, from the assumption of this Lemma, it is enough to prove that 

Vq(A C ) a <g> V C Uq(z Ul nA( ® t^). 

Since is a pseudo-highest weight vector, for any ii,«2j • • • , V S /, we have 

Ei x E i2 ■ ■ ■ E ir (z^, n K t ® Wtt) = (-Eu-^ia ■ • • #i r Zu>i,„A 4 ) ® "tt in Kj(A 5 )a ® V 

= (F n F i2 ■ ■ ■ F ir z Ul nKi ) <g> v„ in Vg(A^)^ ® V. 

Hence, from Proposition 14.91 (b) , we obtain 

U q (z u)lin K i ® ^tt) 3 (C/"~2; W1 .„A 5 ) ® Wtt = Vq(A 4 ) a <g> v n . 

Let Y,^ , Y i2 , ■ • ■ , Y js G {F;, F | i G /}. We assume V g (A c ) a ® (Y^ • ■ ■ Yj,v„) C U q (z ullin \ i ® v„). Then, for 
any /j, £ WAj, we have 

g ^' Q ')(z M ® F l ( Yj-j • • ■ Y^)) = F(z M ® (Yj-j ■ • • Y^)) - (EiZ„) ® (Y ix • ■ • Y^) G ^ g (z wl ,„A 4 ® «w), 
z M ® F (Y n ■ ■ ■ Y js v v ) = Ffa <8 (Yj x ■ ■ ■ Y^)) - g-^ ai) (F^) ® (Y JX ■ ■ ■ Y^^) e f/ g (z Wl ,„A 4 ® ^tt)- 
Therefore we obtain 

Uqiz^ ^ ® U^) 3 y g (A C ) a ® C/ g ^ = F g (A f )a V. 

□ 
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4.5 The fundamental representations of U q ($l2) 

We denote the generators Xf r , £fi, s , F^ 1 in Uqfah) (resp. E\ , F\ , Kf 1 in J7 g (s[ 2 )) by X^, iJ s , K ±x (resp. 
F, F, if 1111 ) and the fundamental weight Ai by A. For a € C(q) x , we denote the E/ g (s [2 ^representation 
V q {-n\) (resp. the f/ g (s ^-representation V q (A)) by V q {^) (resp. V q {l)). Then V q (l) a (^ Fg(7r a )) has the 
following realization: 

V q (l) a = C(q)z A (BC{q)z- A7 X~z A = a r z_ A , X+z_ A = a r z A} X+z A = X~Z- A = 0, (4.18) 
for any r£Z. Moreover, for raeH, we have 

*+ z A = a rn (q - q~ X )z A , ^ z A = Kz A = qz A . (4.19) 



5 Tensor product of the fundamental representations for the 
quantum loop algebras: the generic case 

5.1 Irreducibility: the U q case 

In this subsection, we review the results and proofs in [C] that will be needed later. 

For i € I, let U q (resp. U q ^ ) be the (C(g)-subalgebra of U q (resp. U q ) generated by {Xf r , H itS , Kf 1 \ r G 
Z, s G Z x } (resp. {Ei, Fi, K^ 1 }). There exist <C(g)- algebra homomorphisms 7 : U q (sl2) — ► U q 1 ^ and 
i : U q (sl2) — ► f/ 9 such that 

7(X r ± )=AT±, T(H s )=H hS , 7{K ±1 )=Kf\ 
l(E) = Ek, l{F) = Fi, tiK^) = Kf\ 

for any i G /, r G Z, and s G Z x . Hence, for any [/^-representation (resp. U q -representation) V, we 
can regard Vasa t/^sb ^representation (resp. J7 g (s[2)-representation). 

Lemma 5.1. Let £ G / and a G C(q) x . For any i,j G / smc/i £/ia£ i < j, as representations ofU q (sl2), 



[/(j+i) 



V^(0) a , otherwise, 

V g (i) ag3 - e+1 , i < e < i + 1, 

Vq(0) a , otherwise. 



Proof. We assume i ^ 1. We can prove the case of i = 1 similarly. We set fj, := UijAg. From (|3.17|) . 
for any r G Z, -X^i = 0. Hence we have 

ut 1)z » c ( E c (?)^i,,r--^i,r m ^)©c( g )^ 

ri,— ,r m £Z,meN 

C 0(n(A?) M 

Since A{ is a minuscule weight (see §4.1), for any v G WA^, we have a^)! < 1. Thus we obtain 

— mai-i, Q!^_i)| = Km, o^-i) — 2m | > 2m — 1 for m G N. 
So if m > 2, V r g (A^) M _ mQ! = 0. Hence we obtain 

Ut 1)z v C ^(A^^ ©C(g) V 
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Since dim c( , z )(V g (A 5 ) A1 _ ai _ 1 ) < 1 from P~4"]) . we have dim c(g ) (ujf l > Zy) < 2. So X) z^ 2* V r g (0) a or 
there exists an element b G ( C(q) x such that = V^(l)b as representations of t/^s^). From 

dnHU), we have 

(/x, ati) = K;A 6 a^i) = <5(j - i + 2 < £ < j). 
Therefore, from (|4.3p . we obtain 



, ,,_ l^(l) b , if i-i+2<C<j, 
|V r g (0)a, otherwise. 



We assume j — i + 2 < £ < j. From (|4. 16[) . we have 

Hi-x^Zp = hq~ 1 z fl in V q {l) h . 
On the other hand, from Proposition ^. 101 fb). we have 

= aqV-tSz^ in V g (A ? ) a . 
Therefore we obtain b = ag 2 - J-— 1— □ 
Let m £ N (m > 2) and a = (ai, • • ■ , a m ) E (C(g) x ) m . For 1 < r, s < m, we define 

r-1 

A« s (a) := e^X + £ a rM,»> A* (a) := (A* s (a))™ =1 , (5.1) 
fc=i 

where, around u = 0, 

fc= /*> )u ==* (l-a a+lU )-(l-a mU ) m C(9)N] ' (5 ' 2) 
(see (|3.10p ) and d£ m ( a ) : = for any fc G Z+. So we have 

oc m 

£X s (a)u fc = II {9+(«-f 1 )(v + ^ 2 + 4n 3 + ...)} 

fc=0 p=s+l 

From the proof of Lemma 4.10 in [CP91] , we obtain the following lemma. 
Lemma 5.2 ( [CP91j . §4.10). 

m 

dBt(A«(a)) = (]Ja fc )( [] (r X at-ga s )). (5.3) 

fe=l l<s<t<m 

The following theorem is the special case of Theorem 4.4 in [C]. 

Theorem 5.3 ([U], Theorem 4.4). Let m € N, £].,••■ ,£ m € and ai, • • • , a m £ C x . M^e assume that 
for any 1 < k < k < m and max(£fc, £ fe ' ) < t < min(£fc + — lj n )> 

afc 

XTien Vg(A^ 1 )a 1 ® ■ • ■®V r q(Aj m )a m is a pseudo-highest weight representation ofU q with the pseudo-highest 
weight ■ ■ ■ it^" 1 generated by a pseudo-highest weight vector za 5i <£> ■ • ■ <8> z A ?m • 
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Proof. We prove this theorem by using the method in [C] and |CP91| . From Proposition 13.81 it is 
enough to prove that 

K,(A 5l ) ai ® • • • <g> y 9 (A u ) am = U q {z Kii ® • • • <g> z A(m ). 

We shall prove this claim by the induction on m. If to = 1, we have nothing to prove. So we assume 
m > 1 and the case of (to — 1) holds. We set 

V' := V g (A 6 ) a2 <g> ... <g V r g (A 4m ) am , z := (z A{2 ® ••• ® z Afm ). 

From Proposition 13. 81 and the assumption of the induction on m, V is a pseudo-highest weight represen- 
tation of U q with the pseudo-highest weight 7r** • • • 7r^ m generated by a pseudo-highest weight vector z . 
Hence, from Lemma 14.121 it is enough to prove that 

*wi,„A ei ® z e U q (z Ail ®z). 

We shall prove that 

^i,jA { , ® ^' e U q (z Ail ® z')> (5.4) 

for any i,j £ I such that i < j. We set z w1i0 a Si ■— za$ • We define a total order in 7- := \ 1 < i < 

j < n} U {(1, 0)} whereby 

(* — > and (j + l,j+l) > (5.5) 

for 2 < i < n and < j < n. We shall prove (|5.4[) by the induction on If = (1,0), we have 

nothing to prove. So we assume ^ (1,0) and the case of holds. We also assume i 7^ 1. We 
can prove the case of i = 1 similarly. From (|3.19[) . we have (wi,j,<Xi-x) ~ ^0 — * + 2 < ^ < j). So if 
£1 < j — i + 2 or £1 > j, then = Sj-i^ij = Wjj. Hence 

z Wi _ 1)3 -A Sl <8>z = Zui,jA (l ® z S U q (z A(i ® z ), 

by the induction on (i, j). So we assume J — i + 2 < £1 < j. 

Case In the case of £2 = " •" = £m = i — 1: From Proposition 13.41 (b), for r 6 Z, we have 

A ff (Xr 1>r )(^ 4 . Aci ® z) - z Ul>jA(i ® (Ajj(X.~ 1)r )z') 

r-l 

= (A H (Xr lr _ fe )^. jA< j ® (A^TQ^)*') + X)(- x ^i,r-fc^*,iA 4l ) ® (A H (*ti,fc)*')- ( 5 - 6 ) 

k=l 

We have 

A H (Jfi_i)«' = q m - x z. (5.7) 

We set 

ai := aig 2j ~ Sl ~ l+1 , a 2 := a 2 , a m := a m , a := (a i; • ■ • , a m ). 

From Lemma 15.11 ujf ^ z u!i jA(i = V^(l)aj as representations of C/ g (s[2) and z u!ijA(l is a pseudo-highest 
weight vector in Uq'z Ui 3 -a 5 • Hence, from (j4.18|) . we have 

Ah^J^jAj, = a^^_i^ . a?1 = a^o, ( _ 1<; ,.A ?1 ■ (5.8) 
From (|3.10p . for 1 < k < r — 1, we obtain 

A H (* i _i ifc )«'=d« 1 (a)z', (5.9) 
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where 1 (a) be as in (|5.2[) . From (|5.6[) - (|5.9p , we obtain 

r-l 

= (q m - 1 a r 1 +Y,^ k dl 1 {a))(z u]z _ liAii ®z')=A q rtl (a)(z Ui _ lijAit ®z ). 
fc=i 

By repeating this procedure m-times, we obtain 
A H {Xr_ lr )( z ^ jAti ®z) 

m 

= A q rl {a){z UJi _ ljAii <g> z) + ^r, s (a)(^ M A ei ® ^ 2 ® • • • ® (Fi-i^J ® • • • <S> za Cto )- 

Since Ajj(X i l 1 r )(z a)( 3 .a Si ® z ) £ [/ 9 (za 5i 2 ) from the assumption of the induction on we obtain 

det(v4 9 (a))(z Wi _ l jA£i G f/ g (z Asi <8>z'), 

where ^4 9 (a) = (4J s (a)))" =1 be as in (|5.ip . Hence, from Lemma T5. 2 1 and the assumption of Case 1, we 
have 

m 

(n(a fc -a 1(? 2 ^-^+ 2 ))( [] (a fe , -a rt 2 ))(z u ,_ ljAsi 8z') e C/,( ZA£i (5.10) 

k=2 2<k<k'<m 

From the assumption of this theorem, for any 1 < k < to, we have 

a fc - a iq 2: >-^-^ +2 ^0. (5.11) 

Moreover, if = , we have max(^, ) < = £ fc < min(^ + £ fc ' — 1, n). Thus, from the assumption 
of this theorem and Case 1, we have 

a,/ - a fe a 2 ? 0. (5.12) 
for any 2 < k < k < to. Therefore, from (|5.10p - (l5.12p . we obtain 

Case 2) There exists an integer to (2 < to < m) such that £ m > ^ i — 1: We set 

M := {2 < to' < m|f m / = i- !}• (5.13) 
If M = 0, then Fi^\z = 0. Hence we obtain 

U q (z Aii ® z ) 9 i^_i(z Wi3 A 5i ® z ) = g _1 (z Wi _ 1>3 A 5i 2). 
We assume M 7^ 0. For to € {1, 2, • • • , to} such that £ / ^ i — 1, we have 

A ff (Xr ljP )te m , <8> <8> • ■ • ® « Cra ) = ® A fl (ir ljr )(2 C , +i ® • • • <g> « £m ), 
(see (|5.6p ). Hence, in a similar way to the proof of Case 1, we obtain 

( [] (a* - a l0 2j -^ +2 ))( J] (av - a fe a 2 ))(z^_ 1 , 3 A 5i ® 2') € ® *'). 

feeAf k,k'eM,k<k' 

Therefore, from the assumption of this theorem, we obtain 

Zui- ld A (l ®z 6 U q {z Aii ®z). 

□ 
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Remark 5.4. Since the comultiplication Ah in this paper is slightly different from the one in |CP91j . 
det(A 9 (a)) is different from the one in the proof of Lemma 4.10 in |CP91j . 

Corollary 5.5. Let m £ N, £i, • • • , £ m £ I, and ai, • • ■ , a m £ C(q) x . We assume that for any 1 < k 
k < m and max(^, ) < t < min(£fc + — 1, n), 

Then V 9 (A^ 1 ) ai £g) • • • ® Kj(Af m ) am *s irreducible representation of U q . 

Proof. We set V :— V q (A^ 1 ) eil (g) • • • ® V^(Ag m )a m - It is enough to prove that V n is irreducible. Since 
(V U ) Q S V, from Theorem^ (F n ) Q is a pseudo-highest representation of f7 g . Hence, from Proposition 
13.101 it is enough to prove that (V Q )* is a pseudo-highest representation of U q . From Proposition [49] (b) 
and (|3.15p . there exists a nonzero complex number n £ C x such that 

^ 2 = J 9 W ® • • • ® ^(A^J^-x. 

Thus, From Proposition ^. 91 (a), there exists an integer c £ Z such that 

(v n y s v 9 (A 6 ) ?c+2Karl ® • - ® 7 9 (A f J ?c+jKa -, 

From the assumption of this corollary, for 1 < k < k < m, we have 

„c+2 -1 

g K& k' = «* / 9t_ & _ Cfc ,+ a 
a^a" 1 a fc / ^ 

Therefore, from Theorem l5.31 (y 51 )* is a pseudo-highest representation of C/ g . □ 

5.2 The i?-matrices of the fundamental representations of U q 

In this subsection, we regard V^(Aj) as L q (A^) for £ £ / (see §4.2). We review the i?-matrices of the 
fundamental representations of U q introduced in DO . 
For £, ( £ I, as representations of U q , 

mm(S,f) 

V^Af) ® F g (A f ) a V q (As +< - k +A k ). (5.14) 

fe=max(0,5+C-n-l) 

For fc £ / such that max(0, £ + ( — n — 1) < k < min(£, £), we define 

J2 (- q )^jj- « +k+ l w - k) (jW u J) (j(^- fc )\J), (5.15) 



«.o._ / „^ c ,j- « +fc+ i )M - fc) 

Jc(J<e+«- fc )\J( fc )),#(J)=4-fc 



where jW := {1, 2, • • • , «} (i £ I) and := 0. 

Let L^' C) be the l^-subrepresentation of V q (A^) ® V r <z (A c ) such that i^' C) = V^(Aj + f_ fe + Afc). Then 

tujlf'^ is a highest-weight vector in L^'^. For fc £ 7 such that max(0,^ + C — n ~ 1) < < m in(£, £), 
there exists a l^-homomorphism P fc : V q (A^) <g> V^(A^) — ► V^(A^) ® V^(A^) such that 

P k (w^)=6 kik ,w^\ (5.16) 

For a, b £ C(g) x , we define a C(q)-linear map T? ?:C (a, b) : V 9 (A ? ) a ® V q (A c ) h — > Vq(A c ) b ® V^(A^) a 
whereby 

min(CC) 

i? e , c (a,b):= J] p fc P fc , (5.17) 

fe=roax(0,5+C-n-l) 
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where 



- Pk _ x b g*+C-2fc + 2 a _ 



We call # e , c (a,b) a R-matrix of V^(A 4 ) a <g> V q (A c ) b . From [DO], §2.3 (and P~TTjl in this paper), we 
obtain the following theorem. 

Theorem 5.6 ([DO], §2.3). R^^(a, b) is a U q -homomorphism. 
We have 

^' C) b - g«+C-2fc+2 a ndattjC)-* b _ ? 2p+| ? -Cl a 



mm 



We set 



nu — (/- ■ a. tt u — y ■ " » a . 

a _ g C+C-2 fc+ 2 b = 11 a _ q 2p + |g-Clb ' b^ mln (e,C) + l-p), 
p=fc+l y p=l y 

min(C,C,n+l-$,ra+l-C) 

^«,c( a ' b ) = Pmi„(C,C)-fe^min(C,C)-fe. ( fc ^ mhl(£, Q - k) . 

k=Q 



min(£,C) 

R U (a,b) :=( ft (a-^+l«-^b))^, c (a,b), (5.18) 
p=i 

min(£,C) 

p fe :=( J] (a-^+l^^b))p min(e!C) _ fe , P fc :=Pmi„(c,C)^- (5-19) 



p=i 



Then we have 



min(£,£,n+l-£,ra+l-C) fe min(£,C) 

fl U (a,b) = £ p fc P fe , p, = (n(b-9 2p+l ^ <l a))( n ( a -9 2p+ '^ C ' b ))- ( 5 - 2 °) 

fc=0 p=l p=fc+l 

5.3 Reducibility: the U q case 

Proposition 5.7. Let £, £ G / and a, b £ C(g) x . Jf there exists a 1 < po < min(£, £, n + 1 — £, n + 1 — £) 
suc/i f/iai b = g 2 Po+l£-Cl a or q -(2po+l5~CI) a; ^ en V" 9 (A^) a ® V 9 (A^)b is a reducible representation ofU q . 

Proof. We assume b = g 2po+ l£~^a. We can prove the case of b = g _ ( 2 P°+lf~£1)a similarly. It is 
enough to prove that i?{^(a, b) is neither an isomorphism nor a zero map. Since b = q 2po+ ^~^a, for 
Po 5= k < min(£, £, n + 1 — £, n + 1 — £), we have p k = 0. Hence R^ (a, b) is not an isomorphism. 

Now we assume R^^(a, b) = 0. Then = for any < k < po — 1. Thus, for any < k < po — 1, there 

exists aO<p < .Po ~ 1 such that b = g 2p + l£~^a or a, po < p < min(£, £) such that a = g 2p + ^~''lb. 
Since b = q 2po+ ^~^a 7 we obtain 

p = p, or po+P +|C-CI=0. 

However this condition never occurs. Therefore i?j ^(a, b) is not a zero map. □ 

5.4 Main theorem: the U q case 

Theorem 5.8. Let m G N, £i, • • • , £ m € /, and ai, • • • ,a m G C(q) x . The following conditions (a) and 
(b) are equivalent. 

(a) V q (n^) (g> • • • ® V^(7r| ™) is an irreducible representation of U q . 

(b) For any 1 < k ^ k < m and 1 < t < min(£fc, £ fe / , n + 1 — £fc, n + 1 — 

afc 
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Proof, (b) is equivalent to the following condition (b) : 

(b) For any 1 < k ^ k < to and max((t,^' ) < t < min(£fc + £ fe / — 1, n), 



ajfc 



±(2t-£ k -( ,+2) 



Therefore this theorem follows from Corollary 15.51 and Proposition 15. 71 



□ 



6 Tensor product of the fundamental representations for the 
restricted quantum loop algebras 

In the rest of this paper, we fix the following notations. Let I be an odd integer greater than 2, let e be 
a primitive l-ih root of unity, and let A := C[i,t _1 ] be the Laurent polynomial ring. We regard C as an 
„4-algebra by the following formula: 



7(g). c := g(e)c for g(q) eA,ceC, 



and denote it by 



6.1 Definition of the restricted quantum loop algebras 

For i £ I and to £ N, let E ( ™ ] and F^ m) be as in $£3$. Let U% s (resp. U% s ) be the Asubalgebra of U q 
(resp. U q ) generated by {E[ m \ F^ m \ Kf 1 \i £ L (resp. i £ I),m £ N}. For i £ I, r £ Z, and to e N, we 
define 



K t ;r 
ni 



n 

P =i 



nP - n-P 



It is known that 



m 



£ U r X s (see |CP94bj . §9.3A). Moreover, we have 



1 



i 



Hi,s, Vi^r £ Uj( 



for i£l,r e Z, and s £ Z x , where V i<r be as in (EU) (see |CP97j . §3.1). 
Definition 6.1. We define 



Ul cs :=UT ® A C £ , 



(resp. Ur :=UT®aC s ), 



which is called a restricted quantum loop algebra (or quantum loop algebra of Lusztig type) (resp. restricted 
quantum algebra (or quantum algebra of Lusztig type)) (see |L89j and |CP97| ). 

For i £ I, j £ I, r £ Z, s £ Z x , and to £ N, we set 



l m ) p(m) 



1, /, 



('") 



F, 



(m) 



(z± )M := (X± )M ® 1, 



Hi 



Ki <8> 1, 
,;.± 



1, 








TO 




m 


I, 


r ®l, 


Pz,r • 


= 7>i,r ® 



yres 



6.2 The triangular decompositions of U* cs and 
In a similar way to the proof of Lemma 3.4 in [ANj . we can prove the following lemma. 

Lemma 6.2. Let V be a free A-module and let {vj}j^j be a A-basis ofV, where J is an index set. Then 
{vj <E> lj-je./ * s a C-basis of V ®a C e . 
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Proof. It is enough to prove that {vj ® l}je./ is C- linearly independent in V (8.4 C e . For Cj G C 
(j G J), we assume c j( v j &> 1) = 0. Then we have X)jeJ c J w i ^ (<Z — e)V. Since V is generated by 

{vj}j£j as a ^4-module, there exist dj £ A (j € J) such that 

Since {wjjjgj is _4-linearly independent in V, for any j G J, we have Cj = (q — s)dj. Hence there exist 
m G N and Cj t k G C (— m < k < m) such that 

m 



Therefore we obtain c, = for all j G J. 



□ 



Let (t/ £ rcs )+ (resp. (f/f 3 )", (t/ £ rcs )°) be the C-subalgebra of U T E CS generated by {e[ m) \ i G J,m e N} 



(resp. {/f l) |z G J,m G N}, for,**, 



^;0 
Z 



i G I,r G Z,m G N}). Similarly, let (J/f 8 ) 4 - (resp 



(Z7f s )~, (C/f 8 ) ) be the C-subalgebra of f/f s generated by { 



,( m ) 



G 7, m G N} (resp. | i G 7, m G 



N}, {fc, 



|i G 7}). From |L90a] . we obtain the triangular decomposition of U* es , that is, the 
multiplication defines an isomorphism of C-vector spaces: 

(C/ £ rc T ® (tff 8 ) ® (L/; cs ) + =5C/ £ rcs , (6.1) 
(see also jCP94bj . Proposition 9.3.3 and |CP97j . §1). From |CP97j . §6, we obtain 

^ r = ( ^re S) - ( ^re S) o ( ^ r)+ _ 

Hence from (13.7[) . we obtain the triangular decomposition of U^ s : 

{UT)~ ® (^ cs )° ® (^ es ) + ^^ eS - (6-2) 
Therefore, from Lemma l6.2| we obtain the triangular decomposition of U* es : 

0^)' ® (^ ros )° ® (f/ e rcs ) +=::; ^ rcs - (6-3) 



6.3 The comultiplication of C^ 68 and U t 
For i G 7 and m G N, we have 



res 



^ qP(™-p) E l m - p) Kf ® 7; 4 (p) , A H (7; (m) ) = ^ q r(™-r) F W ® K: 



p=0 p=0 

(see [Ja], §3-4). Hence C/^ s (resp. f/^ 8 ) is a Hopf subalgebra of U q (resp. f7 g ). In particular, we can 
define Hopf algebra structures on U* cs and f/J 0S . The comultiplication A^ s , counit e^f 8 , and antipode 
Sjiy 5 of t/J; cs (resp. U* es ) are given by 



We define 



Xres 



AXfjW , X ^ s := <g> 1 



ie/,rez,me 
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Lemma 6.3. Let i £ I and r £ N. Modulo U r £ es <g> U r s es X™ s , 



r-1 



A r if (x i>r ) = x i r ® h + 1 ® x i r + ^ ^ r _ p ® V+p- 

p=i 

Proof. It is enough to prove that for i £ I and r £ Z, modulo (8 JT^Xjf^, 

r-i 

A H (X- r ) = Xr r ®K i + l®Xr r + Y^ X~ r _ p ® *+,. 

p=i 

From Proposition 13.41 (b), modulo U q ® f7 g A + , 

A ff (Xr ) = Xr, ® tf, + l ® xr, + ^ Xr_ p ® . 

On the other hand, since [/™ s is a Hopf subalgebra of J7™ s , we have 

A H (Xr r ) eUT®UT- 

So it is enough to prove that 

{u q ® c7 9 x + ) n (try ® c/^ os ) = try ® u*?x+?a- 

This follows from (J37F]) and l[6T2j) . □ 



yres 



6.4 Representation theory of 6^ es and J7J 
We define 

Pi := {A = AiAj G P | < Xi < I - 1 for any i £ I}. (6.4) 



iei 



For /i = EiejMiAi G P, there exist = £ i6 jMi 0) Ai G P; and n W = Eie/^f^i e p such that 

Definition 6.4. Let V be a representation of U™ s (resp. C/J cs ). 

(i) Let v £ V. If (£+,) (m) -u = for all i G 7, r G Z, and to G N (resp. e| m) t; = for all i G I and 
to G N), we call v a pseudo-primitive vector (resp. primitive vector) in V. 

(ii) For fi £ P, we define 



V fl :={v£V\k i v = £^ ) v, 



k;0 
I 



v = 1*6 v for all i £ I}. 



If ^ 0, we call a weight space of V. For u G V^, we call w a weight vector with weight /i and define 
wt(u) := \i. 

(iii) For any C-algebra homomorphism A : (U* cs )° — ► C, we define 

V A := {v G V | uv = A(u)v for all u £ (c7 £ rcs ) }. 

If Va ^ 0, we call Va a pseudo-weight space of V. For u G Va, we call v a pseudo-weight vector with 
pseudo- weight A and define pwt(w) := A. 

(iv) Let A : (C/™ s )° — ► C be a C-algebra homomorphism and A be an element in P + . If there exists 
a nonzero pseudo-primitive vector va £ Va (resp. primitive vector v\ £ V\) such that V = U^va (resp. 
V = U* es V\), we call V a pseudo-highest weight representation of U* es (resp. highest-weight representation 
of U* es ) with the pseudo-highest weight A (resp. highest weight A) generated by a pseudo-highest weight 
vector v a (resp. highest-weight vector v\). 
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Let V be a representation of [/™ s (resp. U* es ). We call V of type 1 if k\ = 1 on V for any i G 7. 
In general, finite-dimensional irreducible representations of [/™ s (resp. [/£ es ) are classified into 2™ types 
according to {a : Q — ► {±1}; group homomorphism}. It is known that for any a : Q — ► the 
category of finite-dimensional representations of U* eB (resp. £/5 es ) of type a is essentially equivalent to 
the category of the finite-dimensional representations of U* cs (resp. L^ cs ) of type 1. 

We define a set of polynomials Co [t] whereby 

Co[t] := {vr(t) G C[t] \tt(0) = 1}. 

For 7r = (-Ki{t))i<zi G (Co[t]) Tl (resp. A G P+), let (resp. ua) be a pseudo-highest weight vector in 
V q (Tr) (resp. highest-weight vector in V q (X)) (see §3.2). We define 

yj s (A) := t/^ A , W E re8 (A) := VJ"(A) ®>i C e . 

We have 

dimc(HT"(7r)) = dim c(3) (y g (7r)), dim c (Wf 8 (A)) = dim c(9) (y 9 (A)), 
(see [CP94b , Proposition 11.2.5). For any [/^-representation (resp. [/^-representation) V, we have 

K>) (m) ^C^± mQ4! (resp. e| m V M C V„ +mQ4 , /| m V M C V„_ mC(i ), (6.5) 
where i G I, r G Z, m G N, and /x G P. Hence, by using (|6.3|) , we have the following proposition. 

Proposition 6.5. For any tt G (Co[£]) n (resp. A G P+ ), W™ s (tt) (resp. W* es (A) ) has a unique irreducible 
quotient V™ s (tt) (resp. V™ s (\)). 

For any tt — (TTi(t))i e j G (Co[t])", there exists a unique C-algebra homomorphism A^ cs : (U^. os )° — ► C 
such that 

oo 

ATik? 1 ) = e ±do ^ (t) , K eB (Pi,±m)t m = Tvfit), 

m=l 

where Ttf(t) be as in (|3.9[) . 

For any pseudo-highest weight representation of U™ s with the pseudo- highest weight A™ s , we simply 
call it a pseudo-highest representation of U*° s with the pseudo-highest weight tt. 

Theorem 6.6 ( [L89j ). For X G P+, V* es (\) is a finite- dimensional irreducible highest-weight represen- 
tation of U* cs with the highest weight A of type 1. Conversely, for any finite- dimensional irreducible 
U* cs -representation V of type 1, there exists a unique A G P+ such that V is isomorphic to V* es (\) as a 
representation of U T e es . 

Theorem 6.7 (' |CP97j . §8). For tt G (Co[£]) n , V*' cs (tt) is a finite- dimensional irreducible pseudo-highest 
weight representation of [/f es with the pseudo-highest weight tt of type 1. Conversely, for any finite- 
dimensional irreducible U* es -representation V of type 1, there exists a unique tt G (Co[i])" such that V is 
isomorphic to V^ cs (tt) as a representation o/[/^ es . 

Proposition 6.8 f [CP97] , Proposition 7.4). Let V (resp. V ) be a pseudo-highest weight representation 
of Ul cs with the pseudo-highest weight tt (resp. tt ) generated by a pseudo-highest weight vector (resp. 
v i ). Then v^ ® v , is a pseudo-primitive vector with pwt(tv ® v , ) = A Tes , . 

From Proposition 8.3 in |CP97| and Proposition 16.81 we obtain the following corollary. 

Corollary 6.9. Let tt,tt G (Co[i]) n and let v n (resp. v ,) be a pseudo-highest weight vector in y £ res (7r) 
(resp. Vf cs (TT )). V^' cs (tttt ) is isomorphic to a quotient of the U* es -subrepresentation of 'Vf es (tt) ®Vf cs (tt ) 
generated by ® v , . In particular, if V^. res (7r) (g> V™ s (tt ) is irreducible, V* bs (tt) (g> V^ bs (tt ) is isomorphic 
to y £ ras (7T7r'). 
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6.5 The fundamental representations of U* cs and U r £ es 

For £ e I and a € C x , let vr* = (^(i)).^/ G (C [t]) n be as in (051) . We call ^(tt*) (resp. V* CS (A ( )) 
a, fundamental representation of J7™ s (resp. U* es ). We have 

KT(A«) = Az„ (6.6) 

and WJ CS (A^) = V^ CS (A^) <g>^4 C e is irreducible as a representation of U* CB . So we identify W^ es (A^) with 
V; rcs (A c ). For 2 e V^ CS (A C ), we set 

z:=28ler(4 

From (|6.6p and Lemma 16.21 we have 

Vr(^)= C*„. (6.7) 

For £ € I and a G C x , let y^ es (Aj) a be the /7Jf s -subrepresentation of V q (A^) a generated by za ? . We 
define V £ res (Aj) a :~ V^ cs (Aj) a ®_4 C £ . Then, as representations of L^ es , we have 

Vr(^t) = K r ° s (A ? )a. (6.8) 

From (|4. 16|) . for !£/, we have 

h lA z A( = Al e i{h iA )z A( =a £ - 1 ^z As in y/ 0S (A 4 ) a . (6.9) 
Moreover, from Proposition 14. 101 we obtain the following proposition. 

Proposition 6.10. Let £, £ I and a G C x . For i,j G / such that i < j, let U0i,j be as in \3.18\) and let 

ZA ( {oJi,j) be the extremal vector in y e res (A^) a . 

(a) We have z A( (uj ld ) = z u . jAr 

(b) We have 

fri-i,iZA s (wi,j) = ae 2;M ~ e £(j - i + 2 < £ < j)z A( (u itj ), ifij^l, 
h 3+ isz Al: (uJi.j) = ae 3 ~ ? <S(l < £ < j + l)z Ai (u> ltJ ). 

From (|3.14|l . we have a C- algebra involution £l rcs : [/ £ cs — ► Ul cs such that 

n™((x±)W) = -(x? t _ r )( m \ n™ s (h t , s ) = ff' cs (^ r ) = <^_ r) ^ cs (fc± 1 ) = fc,r, 

for any i £ I, reZ, s G Z x , and m G N. From Proposition ^. 9[ we have the following proposition. 

Proposition 6.11. Let £ G I and a G C x . 

(a) There exists an integer c G Z depending only si n +i such that, as a representation ofUl es , l/J^A^)* 
is isomorphic to V £ rcs (A n _^ + i) £ c a . 

(b) There exists a nonzero complex number k G C x depending only si n +i such that, as a representation 
of Ul es , V e res (A^) a is isomorphic to V £ rcs (A„_^ + i) £ 2 Ka -i . In particular, z UJl nAii is a pseudo-highest 
weight vector in VJ es (A^)2' oa ■ 

By using Proposition 16.81 and Proposition 16.111 (b) , in a similar way to the proof of Lemma 14. 121 we 
obtain the following lemma. 

Lemma 6.12. Let £ G /, a G C x . and n G (Co[i]) n . Let V be a pseudo-highest weight representation 
of U q with the pseudo-highest weight tt and let v n be a pseudo-highest weight vector in V . We assume 
z Ul n A 5 (g) v G C/ £ cs (za7 ® v )- Then V e res (A^) a (g>V is a pseudo-highest weight representation of ?7 £ es with 
the pseudo-highest weight nfir. 
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6.6 Irreducibility: the U* cs case 

For r G Z, s G Z x , and m 6 N, we denote (a^ r ) (m) (resp. h hs , kf 1 ) in £/f s (st 2 ) by (x±)< m ) (resp. /i s , 

fc ±1 ) and e x (resp. /i, fc^ 1 ) in Uf s (s[ 2 ) by e (resp. /, fc* 1 ). For i G L, let (f/f s )« (resp. (Z7 e res )W) be the 

C-subalgebraof U r E cs (resp. C/f s ) generated by {(a^ r ) (m) , kf 1 r G Z, m 6 N} (resp. {e^ m) ,/^ m) , fc^ 1 | m 6 

N}). There exist C-algebra homomorphisms T cs : £/ e rcs (sI 2 ) — ► (L/f s )W and t ros : £/f s (s[ 2 ) — ► ([/ £ res )« 
such that 



7 es ((x±)W) = (xf >r ) ( - m \ 7 es (h s ) = h i)S , 7 es (k ±1 ) = k±\ 

t w( e (wO) = e M ) t res^(m)) = yM ; ^es^il) = fc ±l ; 

(see §5.1). Hence, for any (^j: es )W -representation (resp. (U* cs ) W -representation) V, we can regard V as 
a t/ £ ' os (s[ 2 )-representation (resp. [/^(s^-representation). 

In a similar way to the proof of Lemma 15. li we can prove the following lemma. 

Lemma 6.13. Let £ G I and a G C x . For any i,j £ L smc/i £/ia£ i < j, let z Ui . a 5 6e i/ie extremal vector 
in V r £ res (A^) a . ^4s representations of [/ £ ' cs (sl 2 ), 



(^ rcs ) 0+1) ^7^7 



V r £ rcs (0) a , otherwise, 

'^ rCS (l)ae,- 5 + 1 , */ l<C<i + l, 

V r e res (0) a , otherwise. 



Theorem 6.14. Let m G N, £i, • • • , £ TO G 7, and ai, • • • , a m G C x . IFe assume that for any 1 < k < 
k < m and max(^, £ k > ) < t < min(£fc + £ k > — 1, n), 



afc 



Then V^^K^)^ ® • • • ® V r £ res (Aj m ) am is a pseudo-highest weight representation o/[/ e es with the pseudo- 
highest weight t:^ ■ ■ ■ 7r| m generated by a pseudo-highest weight vector za ?1 <8 • ■ ■ <£> ZA 5m ■ 

Proof. We can prove this theorem in a similar way to the proof of Theorem [ 
From Proposition ^. 8[ it is enough to prove 



y £ rcs (A 4l ) ai ® • • • ® v; res (A u ) aro = u™(za^ ® • • • ® 51^:). 

We shall prove this claim by the induction on m. If to = 1, we have nothing to prove. So we assume 
m > 1 and the case of (to — 1) holds. We set 



V := V e ros (A C2 ) a2 ® •••®r s (A ? J am , z :=SaT®---®^ 



From Proposition [678] and the assumption of the induction on to, V is a pseudo-highest weight represen- 
tation of U* cs with the pseudo-highest weight tt^ ■ ■ ■ 7r| m generated by a pseudo-highest weight vector z . 
Hence, from Lemma I6.12[ it is enough to prove that 

^i,„A 4l ® z' G L^zX^®/). 

We shall prove that 

for any i,j G I such that i < j. We define a total order in 7- as (|5.5|) . We shall prove (|6 . 10[) by the 
induction on (i, j). If — (1, 0), we have nothing to prove. So we assume that the case of holds. 
We also assume i ^ 1. We can prove the case of i = 1 similarly. If £i < j — i + 2 or £i > j, we have 

® 2' = ^,, 3 a 5i ® z' G J7 £ ros (zX77® z). 
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So we assume j — i + 2 < £1 < j. From Lemma 16.31 for r G N, we have 
A^x" hr ){z^-K^ ® z ')- z^~X^ ® (A% s (x-_ l r )z') 

r-l 
fe=l 

(see (|5.6jl ). By using Lemma 16.131 and Lemma IS~2| we obtain 

(n(a fc -a 1 e 2 ^-^ +2 ))( [] (a fc , - a fc£ 2 ))( z^ jAii ® z') g U^^®z), 

keM k,k'eM,k<k' 

where M be as in (|5.13|) . Therefore, from the assumption of this theorem, we obtain 

□ 

By using Theorem 16 . 141 and Proposition 16. Ill we obtain the following corollary (see Corollary [53]) . 

Corollary 6.15. Let m G £i , • • • , £ m £ and s.\ , • • • , a m E C x . ll^e assume that for any 1 ^ & ^ 
k <m and max(^-,4') < * < min(£ fe + £ fe / — l,ra), 

a fe' ^ £ ±(2t-C fc -C fc ,+2)^ 

TTien V r £ rcs (Aj 1 ) ai ® • • • ® VJ os (A^ m ) am is an irreducible representation ofU™ s . 
6.7 Reducibility: the L^ es case 

Proposition 6.16. Let £, £ G / a, b G C x . J/ iftere exists a 1 < i < min(£, n + 1 — £, rt + 1 — £) 

sucft that b = e 2t+ l£~^a or £~( 2t+ l£~^)a, then VJ es (A^) a ® y/ cs (Af) b is reducible as a representation of 

rrres 
u e 

Proof. Let q be an indeterminate and let 

(b 9 ,b E ) - (q 2t +^ a ,e 2t+ ^ a ) or (g-(2*+IS-CI) a5 £ -(2*+l£-CI) a ). 

We assume that V r / cs (A 5 ) a ® V r / es (A ( ;)b e is irreducible as a representation of t/,5 cs . Since V7 es (A^) a = 
V e ICS (TT^) (resp. V e ICS (A c ) hE V7 cs (tt^)), from Corollary MM we obtain 

^ os (A 4 ) a ® VT (A c ) be - ^(tt^). 
Hence, from (|6.7|) and (|6 . 8[) . we have 

dim c (V; res (^)) - dim c (y/ cs (A c ) a ) x dimc(V£ 08 (A ( ) b J = dim c(g) (^(A s ) a ) x dim c(g) (^(A c ) b J. 
On the other hand, by the definition of V^fa^ir^), we have 

dim c (Vr(^')) < dim c(g) V q (^'), 

(see §6.4). Thus, we have 

dim c(9 )(F g (A s ) a ) x dim c(9 ) (V q (A c ) b J < dim C ( 9 )(F g (7r*7r c 9 )). 
Hence, from Corollary [331 

V,(A € ) a ®^(A c ) b , -^(tt^). 

In particular, V r q (A^) a ® Vij(A^) bij is irreducible as a representation of U q . However, from Proposition 
[BTfj V,(A 4 ) a ® K,(A c ) bg is reducible. This is absurd. Therefore V7° s (A 4 ) a ® V e rcs (A c ) be is reducible as a 
representation of t/™ s . □ 
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6.8 Main theorem: the U v £ cs case 

Theorem 6.17. Let m6N,(i,---,( m £J, and ai, • • • , a m G C x . The following conditions (a) and (b) 
are equivalent. 

(a) V/ es (7Tj i 1 ) ® ■ ■ ■ <S> V*' cs (ir* m ) is an irreducible representation of U™ 3 . 

(b) For any 1 < k ^ k < m and 1 < t < min(£fc, £ k > , n + 1 — £k, n + 1 — £ fe / ), 

a fc' ^ £ ±(2t+|a-c fc /|)_ 

Proof. This theorem follows from Corollary 16.151 and Proposition 16. 161 (see Theorem I5.8|) . □ 

7 Tensor product of the fundamental representations for the 
small quantum loop algebras 

7.1 The tensor product theorems 

Let Pi be as in flUI- For A G P+, let A^> G Pi and A^ G P+ be as in §6.4. 

Theorem 7.1 ([L89], Theorem 7.4). For A G P+, V* cs {\) is isomorphic to V; rcs (A (0) ) ® V* CS {1\ {1) ) as a 
representation of U* cs . 

For ir(t) G C [i], we call n(t) l-acyclic if it is not divisible by (1 - ct l ) for any c G C x (see |FM| . §2.6). 
We define 

Cj[t] := {ir(t) G C [t] 1 7r(t) is Facyclic}, (7.1) 
C[t l ] := {7r(t) G C [i] | there exists a polynomial it' (t) G C [t] such that 7r(i) = tt' (7.2) 

For 7T G (Co[*]) n , there exist unique ir^ = (7rf } (t)) ieI G (Cj[t]) n and tt^ = (vr 4 (1) (i)) ie/ G (C [^]) n such 
that m(t) = (*)7r| 15 (t) for any i G F 

Theorem 7.2 ([CP97]^ Theorem 9.1). For ir G (C [«]) n , F/ cs (7r) is isomorphic to V E rcB (ir^) ® t/ rcs (7rW) 
as a representation of U r e es . 

7.2 The Probenius homomorphisms and the construction of V^ res (/A) and V^^^ 1 )) 

Let U := F/(s[„+i) (resp. U := F(sl„+i)) be the universal enveloping algebra of s[„+i (resp. sl„+i), 
that is, U (resp. U) is an associative algebra over C generated by {et, fi,hi\i £ I (resp. i G J)} with the 
defining relations: 

h^hj hjh^ : h^ej ejh^ a^jej, hifj fjhi &i,jfj: ^ifj fj^i 

Xf(-ir (1 ~ a '- j)! v ere^-"^- m = 'eVi)- 1 (1 ~ a ^ )! ./:"/,/,' i: " = o m j. 

' ml 1 — cu ,* — ml! ^-^ m!(l — cu 7 - — ml! 

m— ,J m— ' J ' 

Then, from |CP97j . §1, we have the following theorem (see also |CP94bj . Theorem 9.3.12 and §11.2B). 
Theorem 7.3 f |CP97j . §1). There exist a C-algebra homomorphism Fr £ : C/f GS — ► U such that 

{-mil / rm/l 

■^jjy , if I divides m, Yr £ (f {m) ) = \ JmJW-> ^ 1 divides m > 
0, otherwise, [0, otherwise, 

Fr E (ki) = l, Fr e {[ki;l}) = hi, 
for any i G / and m G N. 
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For any [/-representation V, we can regard V as a [/^-representation by using Fr e and denote it 

— * 

by Fr e (V). Similarly for any [/-representation V, we can regard V as a [/^-representation by using 
Fr e := Fr E \ ur : [/f s — ► U and denote it by Fr*(V). For vr £ (C [t]) n (resp. A £ P+), let F(tt) (resp. 
V(A)) be the finite-dimensional irreducible representation of U (resp. U) with the pseudo-highest weight 
7T (resp. highest- weight A) (see |CP97) . §2). 

Theorem 7.4 f [L89j . §7 and |CP94bj . Proposition 11.2.11). For A £ P+, V; rcs (/A) is isomorphic to 
Fr*(V(A)) as a representation o/[/^ es . 

Theorem 7.5 ( |CP97j . Theorem 9.3). For ir = (n t (t)) ieI ,n' = (7r-(£)); e j £ (C [£]) n s«c/i £/ia£ 7T;(*) = 
Tr i (t ) for any i £ I, V* es (n) is isomorphic to Fr e (T^(7r )) as a representation of U^ es . 

7.3 Definition and the representation theory of the small quantum algebras 

Definition 7.6. Let Uf n (resp. [/ £ fin ) be the C-subalgebra of U r e es (resp. U T e es ) generated by {e u f h h | i £ 
I (resp. i £ /)}. We call Uf n a small quantum loop algebra (resp. small quantum algebra). 

For any [/^"-representation (resp. [/^"-representation) V, we call V of type 1 if fc, = 1 on V for all 
i £ I. For 7r £ (Co[t]) n (resp. A £ P + ), we regard V£" es (7r) (resp. V^ res (A)) as a representation of U^ n 
(resp. [/ £ fi ") and denote it by V 6 Rd (tt) (resp. V^"(A)). 

Theorem 7.7 ( [L89] . Proposition 7.1 and [CP94bj . Proposition 11.2.10). for A £ P, V; fi "(A) is irre- 
ducible as a representation ofU Rn . Moreover, for any finite- dimensional irreducible -representation 
V of type 1, there exists a unique A £ P; smc/i t/ia£ V is isomorphic to V Rn (X) as a representation ofUf n . 

Theorem 7.8 ( |CP97j . Theorem 9.2 and jFM], Thorem 2.6). Por tt £ (Q[£]) n ; ^/"(tt) is irreducible as 
a representation ofUf n . Moreover, for any finite- dimensional irreducible U Rn -representation V of type 
1, there exists a unique tt £ (C;[£]) n such that V is isomorphic to V Rn (ir) as a representation ofU Rn . 

Remark 7.9. From Theorem 17.21 and Theorem 17.51 (resp. Theorem 17.11 and Theorem 17. 4[) , in order to 
understand the finite-dimensional irreducible representations of [7™ s (resp. [/J es ), we may consider the 
one of U Rn (resp. Uf n ). 

7.4 Main theorem: the Uf n case 

Theorem 7.10. Let m £ N, £i, • • • , £ m £ I, and ai, • • • , a m £ C x . The following conditions (a) and (b) 
are equivalent. 

(a) V e (n^) <S> ••• ® V £ (n*™) is an irreducible representation ofU^* 1 . 

(b) For any I < k =/= k < m and 1 < t < min(^, £ fc ' , n + 1 — n + 1 — £ fe < ), 

ffcl ^ e ±(»+|c»-c k ,|). 

Proof. If (b) does not hold, then (a) also does not hold from Theorem 16.171 So we assume that (b) 
holds. From Theorem 16 . 1 71 and Corollary |6.91 as representations of U* es , 

^"(tt* 1 ) g> • • • <8> ^ fin (^|™) = V; rcs (^| 1 1 ) ® • • • <8 K ros (7r|") = V*""^ • • -Tr*™). 

Hence, from Theorem 17.81 it is enough to prove tt^ i ■ ■ ■ 7r| m £ (Ci[t]) n . 

There exist 7rj(£) £ Co[t] (i £ /) such that ir^ ■ ■ ■ ir* m = (7rj(£))j e j. If there exists an index i £ J such 
that 7Tj(£) €" Q[f], there exists a nonzero complex number c such that (1 — et)(l — est) •••(! — C£ l ^ 1 t) 
divides 7Tj(£). Then there exist 1 < ix, • ■ • , it < m such that 

Sii — • • • — £i t , — c, aj 2 = ce, • • • , a^ — ce 
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On the other hand, since (b) holds, 



for any 1 < r ^ s < t. This is absurd. □ 

Acknowledgements: I would like to thank Masaharu Kancda, Hyohe Miyachi, Toshiki Nakashima, 
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